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ABSTRACT
Let p be a prime and let Q(p) denote the maximal p-extension of Q. We
prove that for every prime p, the free pro-p group on countably many
generators is realizable as a regular extension of Q(p)(t). As a consequence,
if Qpy denotes the maximal nilpotent extension of Q, then every finite
nilpotent group is realizable as a regular extension of Qp;; (®).

1. Introduction

Let k be a field, G a profinite group. We say that G is regular over k if there
exists a Galois extension K of the rational function field k(t) which is regular over
k such that G(K/k(t)) 2 G. Let Qui denote the maximal nilpotent extension
of the rationals Q, and let Q(p) denote the maximal p-extension of Q. We prove
that for every prime p, the free pro-p group on countably many generators is
regular over Q(p). This in particular implies that every finite nilpotent group
is regular over Q;. This result is an improvement on a previous result of the
author [4] that the free pro-p group on countably many generators is regular
over the maximal p-extension Q(u,)(p) of Q(,), the field of pth roots of unity,
and that every finite nilpotent group is regular over Qupni;, where Qupnii denotes
the maximal nilpotent extension of the maximal abelian extension of Q. The
proof is an adaptation of [4, Theorem 3.4], using classical methods of Scholz and
Reichardt.
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2. Embedding problems

We recall the notation and terminology of embedding problems. Let K be any
field. An embedding problem £ over K is given by a short exact sequence of
finite groups

12A-E—->.G-1

with G = G(L/K) a Galois group. We will assume A abelian. The embedding
problem is called central if A maps into the center of E. A (weak) solution
is a continuous homomorphism f: Gx — E such that e - f = res, where res
denotes the restriction map from Gg to G. (Gx = G(K,/K), where K denotes
the separable closure of K.) If the group extension e: E — G happens to split,
then there is the trivial solution s - res, where s: G — FE is a section. If f is
surjective, f is called a proper solution, and the fixed field of the kernel of f is
a solution field N with G(N/K) = E. It is known [1, Prop. 24.49] that if K is
hilbertian (and A is abelian), then every embedding problem that has a solution
has a proper solution.

Let p be a prime number and let K be a field of characteristic different from
p, K1 = K(up), where p, denotes the group of pth roots of unity. Let T =
G(K1/K) = (r), where 7 acts on a primitive pth root of unity ¢ by raising
¢ to the power g. By Kummer Theory we have a canonical T-isomorphism
between the Galois group of the maximal elementary abelian p-extension of K;
and Hom(K}/K;?, i1,); in particular, if a € K7, then K;(a'/?) is abelian over K
& a" 9 € K;P. We will need a lemma, which we put in a slightly more general
setting, and which will be useful in comparing embedding problems over K with
the corresponding embedding problems over K;.

Let p be a prime, T = {r) be a cyclic group of order dividing p — 1. Let V
be a ZT-module whose p-torsion subgroup V, = {v € V : pv = 0} is of order 1
or p. Let = be a generator of V,. Then 7(z) = gz for some positive integer g,
so z is killed by 7 — ¢g. If m is the order of T, then ¢™ = 1 mod p. We may
assume g™ # 1 mod p?, since otherwise we may replace g by g+ p. Let £ denote
the element 7™~ ! + 7™~ 2g 4+ ... 4+ g™~ 1 of ZT. Then T(r — g) = (1 — g)T =
™ — g™ =1-g¢™ =0 mod p and # 0 mod p2. Set V := V/pV, T,7— g the
corresponding elements in F, 7. (V is an F,T-module.)

2.1 LEMMA (see [3, p. 123]): Let V be as above. Then the sequence

T

N

v 5 visy

Is exact.
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Proof: From the above discussion, 7 — g% = 0. Assume v € V, (1 — g)v = pw,
w € V. Then applying E, we get pw = X(7 — g)v = (1 — g™)v = prv, where
p1r. Then rv — Xw = sz, s € Z. Let t be a solution to the congruence
rt = 1 mod p. Then ¥ = Ltw + stz. Now Lz = mg™ %, so since mg™1 Z£0
mod p, we may choose a multiple y of = such that £ = Z. It follows that
¥ = Ltw + Lsty = X (4w + styj) as desired. n

Remark: The sequence

AN 7

T

U

1%
is also exact, by a similar argument.
Let a central embedding problem &:

1A E->.G—1

be given, G = G(L/K) a finite p-group, A = Z/pZ. Consider the inflated
embedding problem &;:

1A E 2, G —1

with Gy = G(L1/K), L1 = L(pp) = LK1, where the following diagram is exact
and commutative:

€1

1 A Eq G, 1
.
1 A E——>G 1

We have G1 2 G x T, E; 2 E x T, where T = (1) is again G(K;/K).

2.2 LEMMA: The inflated embedding problem £, has a proper solution if and
only if the original embedding problem £ has a proper solution. In fact, there is a
canonical one-one correspondence between proper solutions to the two embedding
problems.

Proof: Suppose f; is a proper solution to £. Then # f; = f is a proper solution
to £. Conversely suppose f: Gx — E is a proper solution to £&. Then since
there is a unique monomorphism (section) & F — FEy such that #§ = idg,

1:=8f X resk,/k,: Gk — E is a proper solution to &£; uniquely determined
by f. ]

We now wish to describe all solutions to £;.
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2.3 PROPOSITION: Let £, have solution field Li(a*/?) (L, contains p,). Then
every other solution field looks like Ly(8/?) with B = aa, a € K, ™9 €
K} N L?, where (" = (9 as above.

Proof: Let Ny = L1(B8'/?) be a solution field, 8 € L;. By [4, Prop. 2.5], 8 = aa,
a € Ki, since N; is also a solution to the restricted embedding problem for
Li/K,. The condition that G(N1/L;) be central in G(N;/K) is equivalent by
Kummer theory to G(L1/K) acting trivially on the dual Hom((8)L{?/L{", up),
ie. 8779 € Li?. Since the same holds for a, we have a™™9 = (8/a)""9 € Li*.

Conversely, if a € K}, and a9 € L?, then since o™ 9 € Li?, (ae)™"9 € L}?,
and L;((acr)'/?) is also a solution field. |

We now assume further that K = k(t) is a rational function field in one vari-
able. Let P denote the set of all finite primes of K/k, i.e. monic irreducible
polynomials in k[t], P; the set of finite primes of K1/kq, where ky = k(up) and
K; = K(pp). (The infinite prime corresponds to the negative degree valuation.)
By [4, Theorem 1.1}, the upper map in the commutative diagram of restriction
maps

H*Gk,,A) —> [1,,ep, H*(GKk,y,» A)

| |

Hz(GK,A) — HPEP HZ(GKF,A)

is injective. (K, denotes the completion of K at p.) Since the left vertical arrow
is injective (cor -res = m and m|p— 1), the lower right arrow is also injective. By
[4, Prop. 2.2], the local-global principle holds for £y, i.e. there is a solution to &;
&> there is a solution to the induced local embedding problem &£, corresponding
to

1= A—- E,p = G(Ly/Kp) 21

for every finite prime p of K/k.
Define L/K to be Scholz iff every prime of K which ramifies in L is of relative
degree 1 in L/K (totally ramified).

2.4 PROPOSITION: Assume k is an algebraic extension of Q containing
the cyclotomic Z,-extension of Q, K = k(t), and L/K Scholz. Then every
embedding problem

E1—-Z/pZ—-E—-.G-1

has a proper solution.
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Proof: By the local-global principle, it suffices to show local solvability at every
finite prime p.

Case 1. p UNRAMIFIED: Then K, = k'((u)) (formal power series field), where
k' is a finite extension of k, and L, = LK, is an unramified extension #((u)) of
k'((u)). The local embedding problem descends to a central embedding problem
over k', and has a solution by [2, p. 211] (K’ has cohomological p-dimension < 1).

CAsE 2. p RAMIFIED: Then p has relative degree one in L, so Ly/K, is a
(cyclic) totally ramified extension. If the local embedding problem splits, then
it has a (trivial) solution. If not, then by (5, 3-4-3], K, contains the pth roots of
unity, hence all p-power roots of unity (k contains the cyclotomic Z, -extension
of Q). Therefore the local embedding problem has a solution. n

2.5 PROPOSITION: Let k be arbitrary, K = k(t). Then every nonsplit central
embedding problem with A = Z/pZ, which has a (proper) solution, has a (proper)
solution with solution field N such that every finite prime unramified in L/K is
unramified in N/K as well.

Proof: Let N be the given solution field. Then by Lemma 2.2 and Proposi-
tion 2.3, the corresponding inflated embedding problem has solution field Ny :=
N(pp) = L1(a*/?), a € Ly, with G; ® G x T acting on (@)L;?/L}? by o' €
L, 0 €G,and o9 € L?, 7 € T the fixed generator.

Let k1 = k(pp) as before, and let R be the integral closure of k1[t] in L;. R is
a Dedekind domain with fraction field L,. Let I = Iy, be the group of fractional
ideals of L;. The principal ideal (@) has its factorization [[, B"®. For o € G,
(@)7 = [Ip(P7)"*® = [1g P"® mod™ I?, so ng = ng- mod p for o € G, hence
(@) = ABmod™ I” where 2 is a product of ramified prime ideals (in L;/K;) with
conjugate primes occurring to the same power, and B is a product of prime ideals
unramified in L; /K (hence also in L{/K since K;/K is unramified), again with
conjugate primes occurring to the same power, hence we may assume B to be a
product of primes of K3, since B (as well as 2) is G-invariant mod p-th powers.

ki[t] is a principal ideal domain, so B = (b), b € K}. (a)7™9 € I[P =
A™"9B7~9 € IP. The set of primes of L; ramified in L,/K; is equal to the set of
primes of L, ramified in L; /K, so is 7-invariant. It follows that A7~9, B7~9 each
lie in I?, since they are relatively prime. B = (b), b€ Kj, s0 (b)""9 € IP N Ik, .
Since (b) consists of primes unramified in L, (b)779 € I%, ,» SO we may assume
b™=9 € Ki?. Then replacing a by 8 = ab~! yields another solution to the
embedding problem &; (Proposition 2.3), and the ideal {(3) is divisible only hy
primes ramified in L; /K. |
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2.6 THEOREM: Let k = Q(p), the maximal p-extension of Q, K = k(t). Let
a1,...,0n € ki, mutually nonconjugate over k, such that each a; has p — 1
distinct T-conjugates. Let p;(t) be the minimal polynomial of a; over k, i.e.
pi(t) = [Ier(t —af). Let S = {pi(t),...,pn(t),00}. Then the maximal p-
extension of K unramified outside S is a regular extension of k and its Galois
group is a free pro-p group on n generators.

Proof: Regularity is immediate from the fact that Q(p) has no p-extensions. Set
U; = (t - ai)): = (t - ai)Tp_2+Tp—39+~~-+gp_2’ 1=1,... N

(here m = p —1). Then M; = Kl(u}/p,...,u,l/p) is a O x Cp_1-extension
of K, unramified outside S. (M, is abelian over K by Lemma 2.1 and the
Kummer-theoretic argument in the proof of Proposition 2.3.) Let M be the
unique Cp-extension inside it.

CLamM: M is the maximal elementary abelian p-extension of K unramified
outside S.

Indeed, consider U = Kj/K;?, as an F,T-module. Then U = Uy & (@, Uy),
where Uy = k}/ki", and for each monic irreducible polynomial ¢ = q(t) € k;[t],
U, is the submodule with [F,-basis the (cosets of the) distinct T-conjugates of gq.

By Kummer Theory, each submodule W of U corresponds to an elementary
abelian p-extension of K, which is Galois over K. Moreover, the primes that
ramify in this extension are exactly those which are in the support of nonzero
elements of W, i.e. those that appear with nonzero coefficient when a nonzero el-
ement of W is written as a linear combination of the basis elements coming from
the irreducible polynomials ¢ mentioned above. We now take W = @, U;_,,,
which corresponds to the maximal elementary abelian p-extension M; of K; un-
ramified outside (the primes above) S. Furthermore, W decomposes into a direct
sum of eigenspaces @, W,, where 0 <7 < p—1l,and W, = {w € W : 7(w) = rw}.
Thus W, corresponds to the maximal elementary abelian p-extension of K con-
tained in M), i.e. unramified outside S. (W, corresponds via Kummer Theory
to the composite of cyclic extensions of degree p of K, which are abelian over K
and contained in M;.) Apply Lemma 2.1 with V' the subgroup of K} generated
by the t — a; and their conjugates; so V = W, and W, = WZ (multiplicative no-
tation), which is spanned by the classes t———_EZE, noting, by the remark preceding
Lemma 2.1, that

— = >H

T T z
uf:t—ai =t—a,~ :t—a,-

[ —
*uiga



Vol. 119, 2000 FREE PRO-p GROUPS 7

proving the claim.

If G is the free pro-p group on n generators, G(M/K) = G/®G, where OG is
the Frattini subgroup of G. M/K is Scholz, because all the ramified primes have
residue field Q(p).

Let G D ®G =G, D G2 D --- be a chain of normal subgroups with quotients
Gi/Giz1 2 Z/pZ,i > 1, and ), G; = {1}. We inductively prove that there is a
tower of Scholz extensions N; with G(N;/K) & G/G; in which only the primes
p1(t),...,pn(t), 00 ramify. It will then follow that N := [J; N; is a p-extension
of K with Galois group free pro-p on n generators, unramified outside S. It is
therefore the maximal one, since otherwise M above would not be the maximal
elementary abelian p-extension of K unramified outside S. Set N; = M. Assume
inductively that N;/K is Scholz and unramified outside S, ¢ > 1. The embedding
problem corresponding to

1— Z/pZ—) G/Gi.H - G/G, = G(Ni/K) —1

is nonsplit (G; C ®G), so by Propositions 2.4 and 2.5, there is a (proper) solution
field N;;; unramified outside S. Since N;/K is Scholz, every prime ramified in
N; has relative degree one, so if a ramified prime p in N;;; has degree greater
than one, its degree is p, and the local extension at p contains a Cp-extension of
Q(p)=residue field of p, contradiction. It follows that N;;,/K is Scholz. |

The remaining discussion parallels that in [4, Sections 3, 4]. Taking the limit
over finite sets S as in the preceding theorem, we get

2.7 THEOREM: The free pro-p group on countably many generators is regular

over Q(p).
Furthermore, translating up from Q(p)(t) to Qni (t), we get

2.8 THEOREM: The free pro-p group on countably many generators is regular
over Qny. Every finite nilpotent group is regular over Qy;;.

We remark that Q,;; is not PAC [1, Cor. 10.15).
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